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Abstract. We generalise the Kreck-Stolz invariants S2 and S3 by defining a 
new invariant, the f-invariant, for quaternionic hne bundles over closed spin- 
manifolds M of dimension Ak - 1 with H^{M;Q) = H*{M;q) = 0. The 
^-invariant classifies closed smooth oriented 2-connected rational homology 
7-spheres up to almost-diffeomorphism and detects exotic homeomorphisms 
between such manifolds. 

The i-invariant also provides information about quaternionic line bundles 
over a fixed manifold and we use it to give a new proof of a theorem of Feder 
and Gitler about the values of the second Chern classes of quaternionic line 
bundles over HP*. The t-invariant for 5"*'="^ is closely related to the Adams 
e-invariant on the {4k — 5)-stem. 



Introduction 

In |21j . Kreck and Stolz introduced invariants si, S2, S3 E Q/Z of certain 
closed smooth oriented simply connected 7-manifolds M that completely char- 
acterise M up to diffeomorphism. The s-invariants are defect invariants based 
on index theorems for Dirac operators on 8-manifolds: the invariant si, which 
equals the Eells-Kuiper invariant /i of [13] if M is spin, is the defect of the un- 
twisted Dirac operator, whereas S2 and S3 are the defects of the Dirac operator 
twisted by certain complex line bundles. 

In this paper we define a defect invariant, the f-invariant, based on index the- 
orems for Dirac operators twisted by quaternionic line bundles. Suppose now 
that M is a closed smooth spin (4A;— l)-manifold such that the groups H'^^M; Q) 
and H'^{M;Q) vanish and let Bun(M) denote the set of isomorphism classes 
of quaternionic line bundles over M. The t-invariant is a function (see Defini- 
tion [Tl]), 

tM- Bun(M) Q/Z , 
which as we explain in Section [2x1 is a precise generalisation of the invariants S2 
and S3 in dimension 7. Another important invariant of quaternionic line bundles 
is their second Chern class which defines a function 

C2: Bun(M) — > H'^{M). 

We shall say that M and have isomorphic t-invariants if there is a group 
isomorphism A: H'^{M) H'^{N) and a set bijection B: Bun(M) Bun(iV) 
which are compatible with second Chern class and the t- invariant. 
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Our first application of the t-invariant is in the realm of 2-connected 7- 
manifolds and was inspired by recent discoveries of Grove, Verdiani and 
Ziller The first named author established a complete classification of 2- 

connected rational homology 7-spheres in [8j using a certain extrinsically defined 
quadratic linking form qm- H'^{M) — Q/Z whose values are calculated using 
a spin 8-manifold W with boundary dW = M. Theorem 10.11 below, which is 
a reformulation of Theorem 12.41 states that the t-invariant Im is a refinement 
of qm- Moreover, as a defect invariant, the i-invariant has an intrinsic defi- 
nition, see (jl.gp . given via T/-invariants arising from the Atiyah-Patodi-Singer 
index theorem of [4J. 

0.1. Theorem. Let M be a closed smooth 2-connected oriented rational homol- 
ogy 7-sphere. Then 

(1) the map C2 : Bun(M) i?'^(M) is onto, 

(2) for all E G Bun(M), gM(c2(^)) = mMiE), 

(3) the map C2 x tM- Bun(M) H^{M) x Q/Z is injective. 

Applying [HI Theorem A] we obtain the following expanded version of Corollary 
[231 

0.2. Corollary. Let N and M be closed smooth 2-connected oriented rational 
homology 7-spheres. Then N is diffeomorphic to M if and only ift^ is isomor- 
phic to tM and the Eells-Kuiper invariants of M and N agree: fi{N) = fi{M). 

In |15j the second named author used Corollary 10.21 to classify manifolds con- 
structed in |17j by directly calculating their t-invariants as defined in (II. 9p . see 
example 12.81 

A further feature of the t-invariant in dimension 7 is that it detects exotic 
homeomorphisms: these are homeomorphisms h: N = M which are not ho- 
motopic to piecewise linear homeomorphisms. The work of Kirby and Sieben- 
mann [22j implies that for a homeomorphism h: N = M there is an invariant 

KS(/i) e H^{M;Z/2) , 

depending only on the homotopy class of h, such that h is exotic if and only 
if KS(/i) 7^ 0. The following shorter version of Theorem 12.91 combined with 
Theorem lO.il ([T]) above shows that the Kirby-Siebenmann invariant of h can be 
computed using the induced map h* : Bun(M) — t- Bun(A'^) and the t-invariants 
of N and M. 

0.3. Theorem. A homeomorphism h : N ^ M is exotic if and only if 

tM o h*. 

More precisely, for all E G Bun(M), 

(KS(/i) - C2{E)) [M]2 = tN{h*E) - tM{E) £ Z/2 C Q/Z , 
where [M]2 generates Hi{M;Z/2). 

We now change our focus from the base-space manifolds to the bundles them- 
selves. For the simplest manifolds M = S'^^~^ we have the t- invariant 

tsik-i : Bun(5^'^-i) ^ TT4k-2iS^) Q/Z . 
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Given its relationship to the Dirac operator and hence the y4-genus one might 
expect that the i-invariant is related to the Adam's e-invariant e : Q/Z 
of [T]. Theorem II. 12( restated immediately below, bears this expectation out. 

0.4. Theorem. Assume that k > 3. For any homotopy sphere the ho- 

momorphism 

tE: Bun(S) ^ 7r4fc_2(5^) Q/Z 
may he identified with the composition 

where —e: 7r|^_g — t- Q/Z and S: 'iT4k-2 ~^ '^ik~5 ^'"^ respectively the the negative 
of the Adams e-invariant [1\ and the stabilisation homomorphism. 

A key feature of quaternionic bundles is that both the quaternions EI and their 
group of units 5^ C H are non-abelian. As a result the classifying space BS^ = 
M.P°° is not an H-space, and for a general space X, Bun(X) = [X, BS"^] does 
not have a naturally defined group structure. This leads to the fact that it is 
often a difficult problem to determine the image of C2. For the case X = MP'^ 
and the map 

ca: Bun(EIP'=) H^{WP^) 

one says that an integer c is /c-realisable if c • C2{H) G Im(c2) where H is the 
tautological bundle on M.P^ and C2{H) is the universal second Chern class. 
In [U] Feder and Gitler proved 

0.5. Theorem ( |14t Theorem 1.1]). If an integer c is k-realisable then 

i-i 

■j^U^c-i'') = 0€Q/Z forall2<j<k. 

i=0 

Using the t-invariant, we give a new proof of the Feder-Gitler criteria of Theo- 
rem |03] based on Theorem 13.11 

The rest of the paper is organised as follows: in Section [1] we define the t- 
invariant from both the intrinsic analytic point of view and the extrinsic topo- 
logical point of view. This section also introduces the basic concepts and tools 
required for our analysis of quaternionic line bundles. In section [2] we consider 
the i-invariant for 7-manifolds. We up-date the classification results of [8] in 
Theorem 12.41 we show that the t-invariant detects exotic homeomorphisms in 
Theorem 12. 9[ In Section 12. cl we show how the t-invariant on simply connected 
7-manifolds relates to the s-invariants and their generalisations by Hepworth 
in [19]. Section [3] gives our proof of the Feder-Gitler criteria as well as sev- 
eral explicit computations of the t-invariant for certain bundles over S ^ S 
and S^^. 

Acknowledgements: It is a pleasure to thank Wolfgang Ziller for raising 
questions which stimulated this paper and Nitu Kitchloo for his interest in the 
problem. We would also like to thank Matthias Kreck for helpful comments and 
Ian Hambleton for a tea-time discussion in which Theorem 11.121 was formulated. 
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1. Secondary Invariants 

In this section we define the t-invariant which is an invariant of pairs (M, E) 
where M is a closed spin (ik — l)-manifold and E is a quaternionic line bun- 
dle over M. We will give both an extrinsic and an intrinsic definition of the 
t-invariant. Whereas the extrinsic definition using zero bordisms is easier to 
handle in many cases, the intrinsic definition using r/-invariants is finer for 
manifolds that are only rationally zero bordant and may sometimes be com- 
puted when 0-bordisms cannot be found. We will state and prove properties of 
the t-invariant in both settings when we are able to because the extrinsic proofs 
are easier in most cases. 

The section is organised as follows. Section II. al briefly reviews quaternionic 
line bundles, Section II. bl defines the t-invariant and identifies some of its basic 
properties. Section II. cl introduces the notion of a quaternionic divisor used 
in the proof of Theorem 11.121 which occupies most of Section II. dl Finally in 
Section II. el we briefiy consider dimension 3 and relate an invariant of Deloup 
and Massuyeau |llj to the Atiyah-Patodi-Singer ^-invariant which is precisely 
analogous to the t-invariant. 

l.a. Quaternionic Line Bundles. Let H, and denote respectively the 
quaternions, the non-zero quaternions and the unit quaternions. A quaternionic 
line bundle, E ^ X or simply E, over a space X is a complex rank 2 vector 
bundle V ^ X together with a reduction of its structure group to H^. An 
isomorphism of quaternionic line bundles is a vector bundle isomorphism re- 
specting the quaternionic structures. As an example, consider the tautological 
bundle 

H — > EIP°° = BS^ . 

Since the structure group of a quaternionic line bundle can always be re- 
duced to S^, and this reduction is unique up to contractible choice, quaternionic 
line bundles are classified by the homotopy classes of maps to BS^ . So 

Bun(A:) = [X, BS^] 

describes the set of isomorphism classes of quaternionic line bundles over a 
space X. By abuse of notation, we will sometimes write E G Bun(X) to say 
that £' is a quaternionic line bundle over X. 

The integral cohomology of BS^ is generated by the universal second Chern 
class C2{H) € H^{M.P°°), and so to each bundle E ^ X with classifying 
map / : X — >■ BS^ we may associate the characteristic class 

C2{E) := rc2{H) e H^{X) . 

In this way we obtain a map 

C2 : Bun(X) ^ H\X) , E^ C2{E) . 

Note that the theory of quaternionic bundles is not quite as straight for- 
ward as in the complex case. First, the tensor product of two quaternionic 
line bundles is merely a four-dimensional real vector bundle. In fact, every 
four-dimensional vector bundle that is orientable and spin arises this way. In 
particular, there is no canonical group structure on quaternionic line bundles. 
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Next, quaternionic line bundles are not classified by their second Chern class. 
The reason is that BS"^ is not an Eilenberg-MacLane space. For example, the 
quaternionic line bundles on S"^ are classified by 

but of course H'^{S'^) = 0. On the other hand, for a general space X, not all the 
elements in H'^{X) are realised as C2{E) for a quaternionic line bundle E ^ X: 
for example, as is well known and explained in Section [3l if X = HP^, then the 
image of C2 in the group H^(MP'^) = Z is precisely all those classes c • C2{H) 
such that c(c — l)/2 is congruent to mod 12. 

l.b. Modified Kreck-Stolz Invariants. Let M be a closed spin manifold of 
dimension — 1 and let E ^ M he a complex vector bundle over M. As ob- 
served by Kreck and Stolz, a source of Q/Z- valued invariants of the pair (M, E) 
is the following index theorem. 

1.1. Theorem (Atiyah-Singer III, Theorem 5.3]). Let X^'' be a closed, 
smooth spin manifold and let E be a complex vector bundle over X . Then 
the index of D^, the Dirac operator of X twisted by E, can be computed by the 
following equation: 

ind(Z)|) = (l(rX)ch(E))[X] e Z, (1.1) 

where A{TX) and ch(£') G H*[X) denote respectively the A-genus ofTX and 
the Chern character of E and [X] G H/ik{X) is the fundamental class of X. 

Assume that (M, E) as above bounds a spin manifold and complex vector 
bundle iW, E^ and that the characteristic class A{TX) c\i{E) has a natural 
interpretation in H^^(W,M]'^). Then evaluation on the relative fundamental 
cycle \W, M\ gives a rational number which, by Theorem 11.11 is an invariant 
of {M,E) mod Z. The Atiyah-Patodi-Singer index theorem 11.21 below can also 
be used to identify this invariant as an intrinsic invariant of {M,E). In the 
remainder of this section, we carry out this program for quaternionic line bun- 
dles. 

Recall that a real structure s {quaternionic structure j) on a complex vec- 
tor bundle E ^ X is an anti-linear automorphism with = 1 (j^ = — 1). 
A quaternionic vector bundle E ^ X can be regarded as a complex vector 
bundle with complex structure i and quaternionic structure j. We can always 
choose a quaternionic-Hermitian metric on E and a connection such that the 
quaternionic structure is parallel. 

If X^'^ is a spin manifold and k is even then the complex spinor bundle T,X 
of X carries a real structure s that is parallel with respect to the Levi-Civita 
connection. Then s (8> J is a quaternionic structure on EX <Sic E that commutes 
with the Dirac operator. This implies that EI acts on all eigenspaces of D^, in 
particular 

ind(L>|) G 2Z if dimX = mod 8. (1.2) 

-'^Note that throughout E always denotes a bundle over a manifold W with boundary such 
that E is the restriction of E to the boundary dW . In particular E is not the complex 
conjugate of E. 
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Because C2 generates the ring of characteristic classes of quaternionic line 
bundles, there exists a universal characteristic class ch' of quaternionic line 
bundles such that 

2 - ch(^) = C2{E) ch'{E) . (1.3) 
In fact, one computes that 

ch'{E) = l-^C2{E) + ... . (1.4) 

Now suppose that M bounds a compact spin manifold W such that E is the 
restriction of a bundle E ^ W. In other words, 

[M,E]=0 G n^P'^'iBS^) . (1.5) 

Assume moreover that H^{M; Q) = H^{M; Q) = 0. Then because of the exact 
sequence 

H^{M;Q) > H'^{W,M;Q) > H^{W;Q) > H'^{M;Q) , 

the class C2(E) £ H'^iW; 1) has a unique lift C2{E) £ H^{W, M; Q). 

As a preliminary definition of the t- invariant, let us consider the quantity 

tm{E) := ^{A{TW) di'(E)c2(E))[W,M] G Q/Z , (1.6) 

where aj is 1 is j even and 2 if j is odd. Theorem 11.11 and property (jl.2p above 
ensure that tm{E) is independent of the choice of the pair {W^E). 

We now want to define tm{E) intrinsically on M, so that we can drop con- 
dition (jl.Sp . Also, given a particular M and a particular quaternionic line 
bundle S — )• M, we can sometimes use the numeric value of t{E) to derive 
information about M and E. Hence, we want to compute t{E) before we know 
how to construct W and how to extend E ioW . 

We equip TM with a Riemannian metric g. It gives rise to a Levi-Civita 
connection V"^^''^ on TM. Let D be the untwisted spin Dirac operator of {M,g) 
acting on the complex spinor bundle SM — )• M. We also equip the quater- 
nionic line bundle E with a quaternionic Hermitean metric and a compat- 
ible connection V^. As above, D^^ denotes the spin Dirac operator twisted 
by (E', V^,/i^). Let ■^{Dm) and r]{D^j) denote the Atiyah-Patodi-Singer -q- 
invariants and put h{DM) = dimkerZ^^ and h{Df^) = dimkerD^. 

Let (ri*(M),d) denote the de Rham complex of M. We consider the charac- 
teristic Chern-Weil forms 

I(rM,V™) , C2(-E,V^), and c\i{Ey^) G kerdcJ7'(M) 

that represent the corresponding characteristic classes in de Rham cohomology. 
As in (jl.3p . there is a characteristic Chern-Weil form ch'(£', V^) such that 

2 - ch(E, V^) = C2{E, V^) ch'(E, V^) . (1.7) 

If i?3(-jvf;Q) = H'^(M;Q) = 0, the de Rham cohomology of M vanishes in 
these degrees. Hence we find C2{E,V^) G il^(M) such that 

dC2(^,V^) =C2(^,V^) , (1.8) 

and C2{E,V^) is uniquely determined modulo exact forms. 
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From the variation formulas for r/-invariants and characteristic forms, it is 
easy to see that the expression 

tM{E) := m^{Df,) -{v + h){DM) 

+ ^ I(rM,V™) (C2 ch')(-E,V^)^ e M/Z (1.9) 

does not depend on the choice of geometric data. Here we use that ^{Dfi) 
jumps by even integers as the geometry varies if TiM®£^E carries a quaternionic 
structure, see (jl.2p above. 

In other words, tM{E) depends neither on the metric g on M nor on the 
connection with parahel metric on E. Alternatively, regard two sets of 
data on M and E. Because d{M x [0, 1]) = MU (— M), we can extend these data 
to = M X [0, 1] and use Theorem ll.2l to see that tuiE) is indeed well-defined. 
The computation is similar as in the proof of Proposition 11.31 below. 

Now assume that {M,g) bounds a Riemannian spin manifold {W,g) and 
that {E, V^, h^) extends to (E, V^, h^) W. Then the pair 

C2(:B,V^) = (c2(:B,V^),C2(i?,V^)) G Q\W)®^\M) (1.10) 

is closed in the mapping cone of the pullback ^'{W) — )■ n*{M). It represents a 
lift C2{E) of C2{E) to H^{W, M; M). By the variation formulas for Chern-Simons 
classes, C2{E) does not depend on and . Note that closed forms on W 
act on pairs as above by multiplication in both factors, and that evaluation on 
the fundamental cycle [W, M] is given by 

{a,f3)[W,M] = [ a - [ /3 . (1.11) 

Let us assume that {W,g) and {E,V^ ,h^) are of product type near the 
boundary. In this case, the Atiyah-Patodi-Singer boundary conditions for the 
spin Dirac operator D^r twisted by {EjV^ ,h^) are defined, and we can use 
the following generalisation of Theorem 11.11 

1.2. Theorem (Atiyah-Patodi-Singer [4, I, (4.3)]). Let {M,g) = d{W,g) as 
above and let {E,V^ , h^) denote a complex vector bundle with Hermitian con- 
nection and parallel metric over W . Then 

md{Dl) = [ A{W, V^) ch{E, V^) - ^^ {of,) G Z . 
Jw ^ 

Again, if the Dirac operator commutes with a quaternionic structure as 
in (jl.2p . then the index above is even. 

1.3. Proposition. Let {E,'V^ ,h^) be a quaternionic line bundle with quater- 
nionic connection and parallel quaternionic- Hermitian metric over (M, g) . 

(1) Assume that {M,E) bounds {W,E) as above. Then 

tm{E) = tM{E) . 

(2) The invariant tM{E) is always rational. 
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Proof. For ([T]), we use the Atiyah-Patodi-Singer index theorem as in [12] 
and [21] together with ((Ol), <^M^ (fCTl and (fLTTl) . We find that 

- {A{TW)c2(E) ch' (E))[W,M] 

= - [ A{TW, V^'^) (2 - ch) (E, V^) 
Jw 

+ / l(rM,v^*^)(c2ch')(i5;,v^) 

Jm 

+ 1 I(rM,V™) (C2 ch')(^,V^) modofc+iZ. 
Jm 

By [2] the Spin bordism group ^^^-i ^ finite Z/2-vector space for j > 
0. From the Atiyah-Hirzebruch spectral sequence computing Q^^^^-^^{B S^) , the 
fact that H*{BS^;Z) = Z[c2] where C2 has degree 4 and that each MP^ C 
BS^ is a spin manifold we see that 0,^^^^^{BS^) is also a finite Z/2- vector 
space. Hence for any S'^-bundle {M,E), there is n G {1,2} such that (M, £')'-'"■ 
(or equivalently (M, i?)"") bounds a spin manifold with a quaternionic line 
bundle !B that extends By ([I]), 

ntM(^) =TMUn(^^") G Q/Z. □ 

The argument above also shows that in general, the extrinsic definition ()1.6p 
gives the value of tM{E) only up to multiples of - in Q/Z. 
We finally give the definition of the t-invariant. 

1.4. Definition. Let M be a closed smooth spin [Ak — l)-manifold such 
that H^{M;Q) = H^{M;Q) = 0, then we use equation ([Tg]) above to define 
the t-invariant of M as the function 

tM-- Bun(M) Q/Z, E^ tuiE). 

We shall say that M and N have isomorphic t-invariants if there is a group 
isomorphism A: H^{M) H'^{N) and a set bijection B: Bun(M) Bun(iV) 
which are compatible with the second Chern class and the t-invariant; i.e. 

yE G Bun(M), C2iBE) = Ac2{E) and tNiBE) = tM{E) . 

We conclude this subsection by recording some basic facts about the t- 
invariant. 

1.5. Proposition. The function tM- Bun(M) — t- Q/Z has the following prop- 
erties: 

(1) Triviality: for the trivial bundle e := M x M, we have tMi^) =0. 

(2) Additivity with respect to connected sum of bundles and manifolds: 



tMotMiiEo tt El) = tMoiEo) + tMiiEi) G Q/Z. 
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(3) Naturality under almost- dijfeomorphisms: if T, is a homotopy sphere 
and f : N ^T, = Ad is a diffeomorphism then 



where we identify N and A^jJS as spaces so that Bun(A^(|S) = Bun(A^) . 

1.6. Remark. (1) Properties ([I])-® hold for any generalised Kreck-Stolz 
invariants as we now explain. Let M a closed odd-dimensional manifold, 
equipped with a geometric Dirac operator D, and let P denote the 
corresponding local index class. For the t-invariant, we take the spin 
Dirac operator and the yl-class, but one could also consider the signature 
operator and the L-class or something similar. Then let — t- M be a 
vector bundle of a specific type. If there exists a natural class a G 
Q.'{M)/mid such that da = ch{E) — rkE', then one can consider the 
invariant 



where a G Z depends on the index problem. Note that the Atiyah- 
Patodi-Singer p- and ^-invariants [H II] are special cases, where {E, V^) 
is flat, so one can take a = 0. The proof below will work equally well 
for all invariants of this type. 
(2) We shall see later in Theorem 12.91 that the t-invariant is not in general 
preserved by homeomorphisms. 

Proof of Proposition I j.5l For the trivial bundle e, one can choose C2 = 0, 
so (|1.9p gives iM(e) = 0, and ([T|) fohows. 

For ([2]), we choose points pi G Mi and assume that {Ei,V^') is isomorphic 
to a trivial bundle over a small disk Ui around pi in Mj. Let 



denote the boundary connected sum taken at the points {po, 1) and (pi, 1). Put 



The boundary connected sum of the pullbacks of Ei with respect to the 
given trivialisations gives a bundle E — t- W. The pullback connections are 
trivial on Ui x [0, 1], so we get a connection by gluing. 

We note that dc^{Ei,V^^) = c^(£'j,V^*) vanishes on Ui by assumption. 
Since U is contractible, there are representatives C2(-Ej,V^*) G O^(Mj) that 
vanish on Uq and Ui as well. By pullback and gluing, we obtain a global 



tN o f* = tjM 




W = {MoX [0,l])ll(Mi X [0,1]) 



M = dW = {Mo]^ Ml) U (-Afo) U (-Ml) . 



form C2(^, V^) G n^{W) with 



dC2(S,V^) =C2(^,V^) . 



In particular, the lift C2(E,V^ 
back n*{W) n*{M). 



) is exact in the mapping cone of the pull- 
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From the extrinsic description ()1.6p and Stokes' theorem, we obtain 

^MottAfi (-E'o ^Ei) - tMoiEo) - tMi{Ei) = tm{E) 

= - [ I(rTy,V^^) (dc2 ch')(E,v'^) 
Jw 

+ / A{TM, V™) (C2 ch') {E, V^) = . 

JdW 

Naturality in ([3]) is clear for diffeomorphisms and follows from additivity for 
almost-diffeomorphisms: add the trivial bundle to {M,E). □ 

I.e. Divisors. In this subsection we develop the concept of the divisor (Y, z^) of 
a quaternionic line bundle E in analogy with divisors of complex line bundles. 
The main result is Proposition 11.81 which explains how the ry- invariants involved 
in the intrinsic definition of tjv/ localise near a divisor. 

Complex line bundles on algebraic varieties are characterised by divisors, 
that is, by subvarieties of codimension 1. A similar construction still works for 
smooth manifolds. Let L — )• M be a complex line bundle, and let s E r(L) be 
a section that intersects the zero section M C L transversally. Let — )• y be 
the normal bundle of the zero set Y = s~^(0) of s, then u inherits a complex 
structure, which is equivalent to the choice of an orientation. Thus a divisor for 
a complex line bundle is a closed smooth submanifold of codimension 2 with a 
normal orientation. Two divisors give the same smooth complex line bundle iff 
they represent the same class in H'^{M). 

If — )• M is a quaternionic line bundle, we choose a transversal section s £ 
T{E) as above and put Y = s~^(0). Then v — )■ E\y is an isomorphism 

of real vector bundles, so u inherits a quaternionic structure. In particular, the 
normal bundle is oriented, and hence defines a class C2{E) G H'^{M). 

1.7. Definition. Let M be a compact smooth manifold. A quaternionic di- 
visor in M is a compact codimension-4 submanifold Y d M together with a 
quaternionic structure on its normal bundle. We assume that Y meets dM 
transversally in dY . If M is closed, two quaternionic divisors in M x {0}, 
M X {1} are equivalent if they extend to a quaternionic divisor in M x [0, 1]. 

Note that dY C dM, in particular dY = if M is closed. The equivalence 
of quaternionic divisors can be defined similarly in the case where dM ^ 0. 

For example, WP^ C M.P^'^^ with the obvious quaternionic structure on 
its normal bundle is a divisor for the tautological bundle H — )■ WP^'^^. To 
reconstruct E ^ M from a divisor (1^, z^), let — t- y be classified by ^: y — )■ 
BS^. Because M is compact, ^ factors through some M.P^ C ]HP°^ = BS^. The 
Thorn space of the tautological bundle over MP^ can be identified with MP'^+i. 
Hence, the Pontrjagin-Thom construction gives a classifying map for E as in 
the following diagram. 

M > MP'^+i > ]HP°° 



y — ^ MP^ > MP' 
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The vertical arrow on the right is given by inserting as first coordinate and 
shifting ah other coordinates one place to the right. One similarly checks that 
two quaternionic divisors in M give rise to the same quaternionic line bundle 
iff they are equivalent. 

Representing a quaternionic line bundle — ?• M by a quaternionic divi- 
sor (Y, v) in M allows us to replace the r/-invariants in (|1.9p by the r/-invariant 
of an untwisted Dirac operator on Y . However, we will see in Remark 11.101 
below that it is not possible to express tM{E) solely in terms of {Y, v) without 
referring to the ambient manifold M. 

For motivation, we assume first that (M, E) bounds. Hence let E ^ W be 
an extension of -E — )• M, and let s G ^{E) be a transversal section of E such 
that s\m £ is transversal as well. Then we obtain a divisor 

{X,v) := (s-i(0),E|,-i(o)) 

of E such that y := X n M is a divisor for M. 

Let e — 7- ly again denote the trivial quaternionic line bundle. The normal 
bundle v = E^\x carries a natural spin structure with half spinor bundles S+ = 
e\x and S~ = E\x- This implies that e — E is a, i^-theoretic direct image of e|x 
under the inclusion X in the sense of [3] and |7j; in particular 

A(E^\x) c\^{E\x) = 1 . (1.12) 

This equation can also be derived directly using the splitting principle. 

The bundles E ^ M and v ^ X are naturally oriented as real vector bundles 
by their quaternionic structures. Let 0*-^^ denote the space of L^-forms, and 

let ip{E, \7^) G il^j^-j(-E') denote the Mathai-Quillen current described in [6J with 

{E, V^) = 7r*C2 (E, V^) -6o G nf^^ (E) , 

where 6o denotes the distribution of integration over the zero section. This 
current can be pulled back to W by the transversal section s, and we have 

V^)) = C2{E,V^) -6x G ^ti){W) , (1.13) 

where 5x now denotes the current of integration over X. We conclude that 

d((c2 - s»(E;, V^)) = 5y G J^fi)(M) . (1.14) 

By our assumptions on M, this property determines (c2 — s*'0)(-E', V^) up to 
exact currents. _ 

The connection V'^ induces a natural Riemannian metric on the total space 
of E W, and we assume that ds induces an isometry of a neighbourhood of X 
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with a neighbourhood of the zero section in E\x- By (jl.6p . (|1.12p and ()1.13p . 

O-k+l Jw 

+ J_/" l(rM,V™)(c2 ch')(i?,V^) 



-1 



(1.15) 



+ J_ / 1(TM, v^*0 ((C2 - s*^) ch') (ii;, v^) . 

Since we have assumed that M and PV^ are spin, there are induced spin 
structure on X and Y = XnM. We consider the untwisted Dirac operators Dx 
and Dy with respect to these spin structures. Note that TiX and TY carry 
a quaternionic structure iff dimX = 4 mod 8. But this is the case iff TjW 
and SM carry real structures, and hence Df.^ respects a quaternionic structure 
on SM (g) E. 

1.8. Proposition. Let (Y, u) he a divisor of a quaternionic line bundle E ^ M 
and assume that a neighbourhood of Y in M is isometric to a neighbourhood of 
the zero section of v , where the metric on the total space of v is induced by a 
quaternionic metric and a compatible connection. Let ay S Q^^-^{M) denote a 
current with day = 6y. Then 

tM{E) = ^ m^[Dy) - [ A{TM,V™) ay ch'(i?, V^)) . 

Proof If (M, E) bounds, this fohows from (|1.14p . (ll.lSp and the Atiyah-Patodi- 
Singer index theorem 1 1 . 2 1 apphed to the untwisted Dirac operator Dx on X. 

If (M, E) does not bound, we use Bismut-Zhang's formula for the r/-invariant 
of direct images in ^ to derive the result directly from (|1.9p . □ 

1.9. Remark. Note that Bismut and Zhang use a current 7 G i}*-^-^{M) in [7] 
such that 

d-f = 2-ch{E,V^) - A{u,V''y^ 6y . 

By ([L3]), (frT2D and (frT3|) . the current {s*i{j ch'){E,V^) - 7 is closed. Be- 
cause in our special situation, the current 7 of [7J is constructed directly 
in terms of s, there exists a natural current on E whose pullback by s be- 
comes 7. In particular, we can work with universal currents on HP^ for 
sufficiently large. Since HP^ has no cohomology in degrees 4k — 1, we conclude 
that {s*ip ch'){E,V^) — 7 is exact, so that we replace 7 by {s*ip ch.'){E,V^). 

1.10. Remark. There is a fundamental difference between the class 62 G 
0^(M)/imd and the currents s*ip and 7 G Q'^-^-^{M). The latter are natural 
in E and s as we have seen in Remark II. 9[ In particular, we can choose s in 
such a way that ||s|| = 1 outside a small neighbourhood U of Y. This allows 
us to choose in such a way that V^s = outside U. In other words, con- 
tributions coming from s*V' or 7 localise near Y and do not involve any other 
topological information about M. 
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On the other hand, the class C2 is constructed using the assumption 
that i?'^(M;Q) = H^{M;Q) = 0. In particular, the class C2 is not natural 
in E, but depends on the topology of M. This phenomenon will be exhibited 
again in Remark 11.141 below. 

l.d. The relationship with the Adams e-invariant. Following the ideas 
above, we can identify certain cases where the t-invariant can be related to the 
Adams e-invariant. 

1.11. Proposition. Let M be a stably framed {ik — l)-manifold with k > 3 
and H^{M;Q) = H'^{AI;Q) = 0. Assume that E ^ M is a quaternionic line 
bundle with a classifying map factoring through M ^ ^ MP^ C MP°° 
and that xq G 5^ zs a regular value of^. IfY = C^^{xo) then Y inherits a stable 
framing from M and ^, and we have 

tM{E) = -e{Y) . 

Proof. By assumption, the manifold M is framed. The framing in particular 
selects a Chern-Weil type form A = A{TM R^, V°, v"^*^®^"^) such that 

A{TM, V™) = l + dA. 

We may assume that Y is totally geodesic in M. Because the normal bundle 
to Y is trivialised by d^, we also have 

I(ry,V^^) = l + dA\Y . 

Following [5, II, Theorem 4.14], we write the e-invariant of Y with the induced 
framing as 

Consider the tautological bundle r — t- HP^ and assume that sq is a transversal 
section with Sq ^ = {xq}. Then s = ^*so is a transversal section of E with divi- 
sor Y . Let us pull back from a connection on HP^, then ch'{E, V^)|y = 
1. From Proposition 11.81 and with day = (^y, we have 

e{Y) + tM{E) = -( f A[TM,V'^^^) ay ch'(i?, V^) - \ A\ 
Ofc \Jm jy J 

= — [ [ay di'{E,V^) +d{Aay di'{E,V^))^ =0 , 

because ch'(£', V^) — 1 G ri^(M) by naturality, hence ay ch'(P,V^) lives in 
degree <1 < Ak - I. □ 

The t-invariant is clearly unstable from the point of view of X-theory, because 
any invariant that is stable under addition of trivial vector bundles is generated 
by characteristic classes. On the other hand, the following result shows that 
the t-invariant on S'^^~^ is stable in the sense of stable homotopy theory. 

1.12. Theorem. Assume that k > 3. For any homotopy sphere the 
homomorphism 

is: Bun(S) ^ T^ik-2{S'^) Q/^ 
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may be identified with the composition 

-eoS: 7r4fc_2(S3) 7r!k_, Q/Z 

where —e: TTff._^ — >• Q/Z and S: iTAk-2 ^'"^ respectively the the negative 

of the Adams e-invariant [1] and the stabilisation homomorphism. 

1.13. Corollary. The t-invariant defines an infective homomorphism 

tsii : Bun(5^^) ^ 7rio(5^) Z/15 . 

Proof. In this case stabilisation is injective by [25\ Ch. XIII] and the e-invariant 
is injective on the 11-stem by [U Ex. 7.17]. □ 

Proof of Theorem Recah that the boundary map associated to the Hopf 
fibration is a homomorphism d: 7rj+i(S'^) — )• 7rj{S^). Because the fibre is 
contractible in the total space S"^ , the long exact homotopy sequence implies 
that d is surjective. 

The Hopf fibration extends to MP^ for all k. From the diagram 



(BS^) n,{S') 
it follows that the homomorphism induced by the standard inclusion 

is onto. So without loss of generality, the quaternionic line bundle E — )• S^^~^ 
is classified by a map 5"^^"^ ^ C BS^. Note that E ^ C*H where H is 
the tautological bundle over 5^. 

We give 5"'*'"^ the standard framing, and consider the class 

[C] £ — ^4fe-5 — ^Ak-liS"^) 

where denotes the framed bordism and we have applied the Pontrjagin- 
Thom isomorphism. By the Pontrjagin-Thom construction, this class [^] is 
represented by the quaternionic divisor Y = ^~^(xo) for some regular value xq G 
of ^. In particular, the manifold Y inherits a framing from ^. Then by 
Proposition 11.11] we have 

ts^^~r{E) = -e{Y) = -em) ■ □ 

1.14. Remark. Theorem 11.121 is void for k = and 1 , and it does not hold 
for k = 2. For the case k = 2 consider the sequence of maps 

where the first map is the Hopf fibration H and Fc is a self-map of de- 
gree c G Z. Let Ec — 7- 5''' be the pullback of the tautological bundle Hi — t- HP^, 
then t g7 (Ec) = ^^24^^ Example 13.51 

On the other hand, let xq E 5^ be a regular value of Fc and let Yc C S"^ be 
its pre-image: Yc if a framed 3-manifold which is a disjoint union of fibres of 
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the Hopf fibration. It is well known that the map H represents a generator of 
the stable 3-stem with e{[H]) = it^. It follows that 

<v.) = ±^ 

and in particular tgrlEc) / —e{Yc) in general. 

The following observations view the difference between the t-invariant and the 
e-invariant from the homotopic point of view: there is an isomorphism 717(6'^) = 
Z[H] e SneiS^) where SneiS^) ^ Z/12 is the stabilised group. In these co- 
ordinates the stabilisation map ttj^S'^) — vr8(S'^) = vrf is isomorphic to 

ZeZ/12 — yZ/24, (a, [6]) 1 — > [a - 2b] . 

Moreover, in this basis [Fc o H] = (c^, [c(c — l)/2]). In particular [Fc o H] 
stabilises to — + c = c and we have the equation 

ts7 = ±^^^^^ : Bun(5^) ^ ^6(5') Q/Z (1.16) 

where e = eo S: TrQ{S^) ^ 7rf ^ Q/Z. 

We sketch a proof that e{[H]) = The induced framing on a fibre of 

the Hopf fibration differs from the standard framing by the clutching function 
of the Hopf fibration itself: call this framed manifold {S^jTTh)- Now apply the 
bordism definition of the the e-invariant: as a spin manifold (S^jITh) bounds 
over as 5'^ has a unique spin structure. We see that 

where we regard H as the Hopf bundle over S'^ with p{H) a generator of H'^{S^) 
and Ai = —^P- Here, A{TD]t\:h) denotes the relative ^-class with respect to 
the prescribed framing at the boundary. 

As pointed out in Remark 11.101 there are at least two different possible 
correction terms that construct a differential topological invariant out of the r]- 
invariant of the untwisted Dirac operator on the divisor Y . For k = 2 different 
choices of such correction terms lead to different invariants. 

I.e. A related example in dimension 3. Let (M, o") be a compact oriented 
3-manifold M with spin'^-structure. DeLoup and Massuyeau |1H Definition 2.2] 
defined an invariant 

In this subsection we give an analytic definition of (pM^a using the Atiyah- 
Patodi-Singer ^-invariant [H II] which is a precise analogue of the t-invariant in 
dimension 7 if M is a rational homology sphere. 

Let 1^ be a handlebody with dW = M. Then W carries a unique spin 
structure, which induces a spin structure on M. There is a one-to-one corre- 
spondence between complex line bundles L and spin'^-structures a on M, given 
by twisting the fixed spin-structure above by L. The exact sequence of the 
pair (W, M) contains 

— > H^{M) — > H^{W,M) — > H^{W) — > H^{M) — > , 
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SO L extends to a complex line bundle L on 1^ that induces a spin'^-structure a 
on W extending a. We also fix a connection on L ^ W . The Chern forms 
of these spin^-structures are given by 

c{a) = 2ci{L,V^) and c{a) = c{a)\M ■ 

Let a G H^{M; Q/Z), then we construct a flat complex line bundle Ea over M 
with holonomy given by 

a G H'^{M-Q/Z) ^ Hom(7ri(M), /i*) , 

where fi* C C denote the group of roots of unity and the isomorphism is induced 
by the isomorphism Q/Z — )• /i* sending q to e^'^''. Let M denote the universal 
covering of M and let tti{M) act as the group of deck transformations. The 
bundle Ea is given by 

M XaC with [x7, e-2''*"('^)z] = [x, z] for all 7 G 7ri(M) . 

We define V^" to be the connection on Ea induced by the trivial connection 
on M X C. If /3: i?^(M; Q/Z) H'^{M,Z) denotes the Bockstein homomor- 
phism, then ci{E) = (3{a). 

By the exact sequence above, there exists a line bundle E on W that ex- 
tends E, and we can choose an arbitrary connection V on ii^ — )• W, that will 
not be flat in general, but restricts to the given flat connection on E ^ M. 
If 7 = dT, is a curve in M, where T, C W is a closed immersed surface, then 

0(7) = ci (E, V^) [S, as] mod Z . 

This shows in particular that the first Chern class 

ci(E) = [ci(E, V^)] G H\W,M-R) 

lifts the image of a in H'^{W, M;Q/Z,). This lift is well-defined only up to an 
integral class. 

We compute the Atiyah-Patodi-Singer ^-invariant of E with respect to the 
fixed spin^-structure a on M and obtain 

= / l(rH^,v^^) ch(I,V^) (ch(;E,v^) -1) 

ci{E) (c{a) + ci{E)) ^ 

Note that the last term is well-defined because ci{E) is well defined as a relative 
class modulo Z. Comparing the above formula with Lemma 2.6] we obtain 

1.15. Proposition. Let {M,a) be a closed spin'^ -manifold and let p denote 
Poincare duality. For all a G H^{M; Q/Z) 
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2. The t-INVARIANT OF 7-MANIFOLDS 

In this section we investigate the f-invariant in dimension 7: in l2.al we show 
that the t-invariant classifies closed smooth 2-connected rational homology 7- 
spheres up to connected sum with homotopy spheres. In I2.bl we show that 
the t-invariant detects homeomorphisms which are not homotopic to PL home- 
omorphisms on 2-connected rational homology 7-spheres. In Sections I2.cl we 
relate the t-invariant to the s-invariants of Kreck and Stolz [21] and their gen- 
eralisations in Hepworth |19j . 

2. a. Classification results for 2-connected 7-manifolds. Throughout this 
subsection M shall be a closed smooth oriented 2-connected 7-manifold. In 
addition we assume that M is a rational homology sphere which is equivalent 
to assuming that tt^{M) ^ Hs{M) ^ H^{M) are finite groups. 

We first recall the classification of such 2-connected rational homology 
spheres started in [27J and completed in [8]. We then relate the t-invariant 
from Section [1] to this classification to obtain a classification theorem for such 
manifolds M using tM and IJ.(M), the Eells-Kuiper invariant of M which we 
recall below. 

Recall that 07 denotes the group of diffeomorphism classes of oriented homo- 
topy 7-spheres and that Gy = Z/28. The homotopy 7-spheres can be detected 
by the Eells-Kuiper invariant /u(5]) G Q/Z which by [13^ §6] defines an injective 
homomorphism 

Moreover the definition of n can be extended to any 2-connected rational ho- 
motopy 7-sphere M to give l^{M) G Q/Z with 

^(M S S) = ^(M) + G Q/Z . (2.1) 

The definition of IJ-{M) in this case is by now routine: from the analytic point 
of view it can be found in jl2tl21j: using coboundaries the details are in [8^ 2.12] 
where fi is called si. With either definition the additivity in (12.1(1 is clear. 

This gives an effective strategy for classifying 2-connected rational homology 
7-spheres. Firstly consider these manifolds up to almost diffeomorphism where 
an almost diffeomorphism is a homotopy sphere S and a diffeomorphism f N'^ 
T, = M. If M and N are almost diffeomorphic then they are diffeomorphic if 
and only if /i(M) - fi{N) = = 0. 

We turn to consider almost diffeomorphism invariants of M. Since M is 
2-connected it possesses a unique equivalence class of spin structures. An im- 
portant invariant is the first characteristic class of spin manifolds which gen- 
erates H^{BSpm) = Z. We choose the generator p G H^{BSpm) so that 
that 2p = pi where pi is the first Pontrjagin class. The class p is often called 
"half the first Pontrjagin class" and is sometimes denoted For any spin 
manifold X, we have px = p{TX) G ^^(X). 

An important fact about closed smooth 2-connected 7-manifolds proven 
in |27( Theorem 4] is that every one is the boundary of a handlebody W: 
i.e. is a 3-connected 8-manifold obtained from by attaching 4-handles, 
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and the boundary of W is identified with M. We consider the exact sequence 

— > H^{W, M) — > H^{W) A H^{M) , (2.2) 
which ahows one to define the following quadratic linking function 

qM-H\M)^q/Z, x^i((x+pH/)-x)[VF,M] , (2.3) 

where x S H^iW) maps to a; G H^{M) and x G H^iW, M; Q) maps to x under 
the isomorphism H'^{W, M; Q) ^ H'^iW; Q). 

2.1. Lemma (c.f. [8l Lemma 2.51]). The function qm is a well-defined almost 
dijfeomorphism invariant of M . 

We shall say that qm and qjy are isomorphic if there is an isomor- 
phism A: H^{M) = H^{N) such that if qm = qn o A. The following is also 
proven in [8j. 

2.2. Theorem (c.f. [8, Theorem A]). Let N and M be 2-connected rational 
homology 7-spheres. 

(1) There is an almost diffeomorphism f : N'^T, = M with induced map f* = 
A: H^{M) ^ H^{N) if and only if qm = Qn o A. 

(2) M is diffeomorphic to N if and only if qm is isomorphic to 
and fi{M) = /x(iV). 

2.3. Remark. Recall the linking form of M 

bM- H^{M) X H'^(M) — > Q/Z . 

which is a non-singular symmetric pairing. In the notation of ()2.3p . we have 

bM{x, y) = {x^ y)[W, M] = (x - y)[W, M] . 

From (j2.3p we see that qm refines 6m in the following sense: 

qM{x + y)=qM{x) + qM{y) + hM{x,y) yx,y£H'^{M). (2.4) 

We also see that qm need not be homogeneous; i.e. qmIx) / qM^—x) in general. 
However, the homogeneity defect of q is determined by pM'- 

qnix) - qui-x) = {pw ^ x)[W,M] = buiPM^x) . 

Recall now that Bun(M) denotes the set of isomorphism classes of principal 
S^-bundles over M. We have an action of Bun(5^) = tt&{S'^) = on Bun(M) 

by 

Bun(M) X Bun(5''^) — > Bun(M) , {E,F)i — > E ]\ F 

which is defined by cutting and re-gluing a given principal S''^-bundle E over M 
along = dD^ C M using the clutching function of F. Next we relate qm to 
the t-invariant i m of Definition II. 4i 

2.4. Theorem. Let M be a 2-connected rational homology 7-sphere. 

(1) For M = S"^ , the t-invariant defines an injective homomorphism 

ts7 : Bun(5'^) ^ Z/12 C Q/Z . 
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(2) The group Bun(5'^) acts freely on Bun(M) with 

Bun(M)/Bun(5^) H^{M) , 

and for all {E, F) £ Bun(M) x Bun(5'') we have 
tM{E^F) = tM{E)+ts7{F) . 

(3) The t-invariant determines qm'- for all E € Bun(M) 

qM{c2{E)) = l2tM{E)e(^/'L. 

As an immediate consequence of Theorem 12.21 ^ and Theorem 12.41 Q we have 

2.5. Corollary. Let N and M he 2-connected rational homology 7-spheres. 
Then N is diffeomorphic to M if and only iftN is isomorphic to tM cmd IJ-{N) = 
KM). 



Proof of Theorem\2.4\ For (1) we use Proposition 12.61 below with {n,p,k) 



(1,2,1). One checks that this gives the bundle E = P2E2 of Example 
which is a bundle over 5"^ with ts7{E) = j^. By Proposition 11.51 ([2]), t^r is a 
homomorphism with tg7{E'^^) = 

For part ([2]), let be a handlebody with dW = M as above. As W is 
homotopy equivalent to a wedge of 4-spheres and BS"^ is three-connected, we 
have an isomorphism C2 : Bun(VF) — )• H'^{W). Hence C2 : Bun(M) — )• H^(M) 
is onto by (j2.2|) . There is a homotopy equivalence M ~ M* U e^, where M* := 
M — int(L>^) is homotopy equivalent to a degree 3-Moore space. Because BS^ 
is three-connected, the map C2: Bun(M*) — )• H^{M') = H^{M) is an isomor- 
phism. By the surjectivity of C2 : Bun(M) — )• H^{M), each quaternionic line 
bundle E' on M* extends to M, so E'\g^7 is trivial and Bun(5^) acts transi- 
tively on the set of possible extensions. 

The formula for t^j given in ([2]) is a special case of the additivity formula 
of Proposition 11.51 (i2|). Together with ([T]), it proves that the action of Bun(S'') 
on Bun(M) is free. 

For part ([3]), let — )• be a quaternionic line bundle with C2{E) = x G 
H^iW). Let C2(E) £ H^{W,M;q) be a lift of C2(E). We use equation (fLej) . 
the fact that the ^-genus begins A = 1 — ^ + . . . and ()1.4p to deduce the 
following formula 

tM{i*E) = ^{c2(E) - {pw + C2(E)) [W, M] G Q/Z . (2.5) 
Comparing ([23]) with ([23]) we see that qM{c2{E)) = l2tM{E). □ 

We finish this subsection by recording calculations of tu in some examples. 
Let n and p be integers with n 7^ and let vr : Wn,p be the disc bundle of a 

vector bundle over the 4-sphere with Euler class e(7r) = nx and with p\y = px: 
here we fix a generator x of H'^{S^) and identify H^{S^) = H'^iWn^p)- Let 
also i : Mn^p — )■ Wn^p be the inclusion of the boundary so that Mn^p is the total 
space of a 3-sphere bundle over S^. We remark that these total spaces were 
classified up to diffeomorphism, homeomorphism and homotopy equivalence in 
[2] but using a different notation: the total space denoted Mm^n in [9] is the 
total space denoted Mn,n+2m. in this work (see, e.g., [U Fact 3.1]). 
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2.6. Proposition. With i: M^-p — >■ Wn^p and x £ H^{S'^) as above and k any 
integer, let Ek Wn.p be the quaternionic line bundle with C2{E) = kx and let 
Ej. := i*Ek. Then for M = Mn^p we have 

tM{i*Ek) = ^^^ G Q/Z. 

Moreover for [k] := i*{kx) € TLjnL = H^{M), the function qm is given by 

gM(M) = ^^^ e Q/Z. 

Proof. The intersection form {H4{Wn,p), \) is isomorphic to (Z,n). We now 
simply apply the expression for Im in (|2.5p . □ 



2.7. Remark. While it is possible to use the analytic definition of the t-invariant 
to compute tu in this case, the computations still require sophisticated tech- 
nique and are somewhat lengthy compared to the topological definition. 

In the search for new compact Riemannian manifolds of positive sectional 
curvature, Grove, Wilking and Ziller considered two families M(p_^g_)^(p^^g_|^) 
and g ) of seven-manifolds of cohomogeneity one in [18]. The first 

family consists of two-connected manifolds, while the second is of the type con- 
sidered by Kreck and Stolz in [21]. By [18], the manifolds P„ = Af(i x),(2n-i,2n+i) 
are the only members of the M-family that can carry metrics of positive sec- 
tional curvature. It was then proved independently by Dearricott [lOj and 
Grove, Verdiani and Ziller [T7] that the particular space M(x^i)^(3^5), which is 
homeomorphic to the unit tangent bundle of S*^, carries a metric of positive 
sectional curvature. In [15], one of us determined the diffeomorphism types of 
the spaces Pn using Corollary 12.51 above. 

Let and g_) be two pairs of relative prime positive odd integers. 

According to [18], the manifold M = M(p_^g_)^(p^_g^) has H^{M) = Z/nZ 
with n = — /8. One can write M as the total space of two Seifert 

fibrations tti, tt2 over the base S^. Both Seifert fibrations are singular over 
two disjoint submanifolds of diffeomorphic to MP^, and the type of the 
singularity is described by the two pairs {p±, q±). Using a generalisation of the 
adiabatic limit formula for eta-invariants to Seifert fibrations, it is possible to 
compute tM{T^*E) for all quaternionic line bundles E ^ S'^. 

2.8. Example. Let £^ — >■ 5*^ be a quaternionic line bundle with C2{E)[S'^] = k G 
Z. By dS], 

^ . k{p\ -p'i-n + kpip\) 
tMi-iE) = . 

Swapping the roles oi p± and q± gives the analogous formula for tMi'^Q.E)- 
For the manifolds P^ the formula above specialises to 

, * k{k — n) 

tp iT:*.E) = — . 

^ ^ 24n 

By Theorems 12. 21 and 12. 41 and Proposition 12.61 above, these spaces Pn are almost 
diffeomorphic to the manifolds M„^„ of Proposition 12.61 in other words, to the 
total spaces of the principal 5'^-bundles over 5^ with Euler class given by n. The 



QUATERNIONIC LINE BUNDLES 



21 



classification is then completed by computing the Eells-Kuiper invariant iJ,{Pn)- 
In particular, 

3 

Pn = Mn,n S S*"^ , 

where E is a generator of 07 with = 

For the other spaces in the M family, one can to combine the formulas 
for tM{T^iE) for both fibrations with equation p.4p to determine completely. 

2.b. Detecting exotic homeomorphisms. Throughout this subsection M 
and will be closed smooth oriented 2-connected rational homology 7-spheres 
and all maps will be orientation preserving. We call a homeomorphism 

h: N^M 

exotic if it is not homotopic to a piecewise linear (PL) homeomorphism. The 
main result of this section is that h is exotic if and only if the induced 
map h* : Bun(M) — )• Bun(A^) does not preserve the i-invariants of M and N . 

To make a more precise statement we first recall the following consequence 
of topological surgery from p2j . For a homeomorphism h: N = M there is an 
invariant 

KS(/i) G H'\M;Z/2) , 

depending only on the homotopy class of /i, such that h is exotic if and only 
if KS(/i) / 0. 

2.9. Theorem. A homeomorphism h : N ^ M is exotic if and only if 

tM o h*. 

More precisely, for all E G Bun(M), 

(KS(/i) ^ C2{E)) [M]2 = tN{h*E) - tM{E) G Z/2 C Q/Z , 
where [M]2 generates H-j{M;'L/2). 

We begin by showing that tM is invariant under PL-homeomorphisms. 

2.10. Lemma. If h: N = M is a PL -homeomorphism then tM = tN° h* . 

Proof. It follows from smoothing theory, see [8, §6, Theorem 6.1], that there is a 
homotopy 7-sphere S such that h is homotopic to a diffeomorphism g: jj S — )■ 
M. The lemma now follows by Proposition 11.51 (|3l). □ 

2.11. Remark. Note that [8] Theorem 6.1] also proves that is homeomorphic 
to M if and only if N is PL-homeomorphic to M. Hence the function tM is a 
topological invariant in the weak sense that if h: — )• M is a homeomorphism 
then there is a homeomorphism, indeed a PL-homeomorphism, g: N ^ M 
such that tM = tN ° g* ■ 

Proof of Theorem \2.S\ . We will not explicitly construct exotic homeomorphisms 
but rather we use surgery theory to show that they exist. Hence we begin by 
briefly recalling some essential notions from surgery. Let Cat = Top or PL 
denote respectively the topological and piecewise linear categories of manifolds. 
Recall the Cai-structure set of M, 

5C'«*(M) := {5: Af ~ M I A^ a Cai-manifold}/ ~ , 
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which consists of equivalence classes of structures which are homotopy equiv- 
alences g: N ^ M. Two structures go and gi are equivalent if gi o g^^ is 
homotopic to a Cai-isomorphism. The base-point of S'^°'^{M) is the trivial 
element [Id: M M]. 

The Cat-structure set of M lies in the Cai-surgery exact sequence (see pUj 
Chapter 10], [22] for more definitions and details): 

Ls{e) S^^\M) ^ [M,G/Cat] Lj{e) . 

Here Lj{e) = and Ls{e) = Z are the simply connected surgery obstruction 
groups, G = lim„Map_|_i(S'"', 5"") is the monoid of stable self-equivalences of the 
n-sphere. Top and PL are the groups of stable homeomorphisms, respectively 
PL-homeomorphisms, of Euclidean space and ry'-^"* denotes the Cai-normal in- 
variant map. It is well known that the map Ls{e) — )• 5'^'^*(M) vanishes in both 
the topological or piecewise linear categories. So from the Cai-surgery exact 
sequences we obtain the following commuting square: 

r^PL j^Top (2.6) 

[M,G/PL\ — ^ [M,G/Top\ 

Here each r/'^'^* is a bijection, F is the forgetful map and the canonical 
map G/PL — t- G/Top induces F^. By definition, an exotic homeomor- 
phism h: N = M defines a non-trivial element of S^^{M) which maps to 
the trivial element of 5"^°^(Af). 

2.12. Lemma. There are bijections S^^{M) = H^{M) andS'^°P{M) = H'^{M) 
such that the forgetful map F corresponds to the map x2 in the cohomology 
Bockstein sequence for the coefficient sequence 0— t-Z— t-Z— 7>Z/2— )-0. In 
particular, there is a short exact sequence of abelian groups 

^ H^{M;Z/2) -^S^^{M) -^S^°^{M) ^ H^{M-Z/2) . 

Proof. Using ([251) if suffices to calculate : [M,G/PL] [M,G/Top] which 
is routine: there is a homotopy equivalence 

where M* := Af — int(D'^), </> is the attaching map for the top cell of M 
and M' is homotopic to the Moore space M(H,3) where H = H^^M). We 
write H = ©[=iCfc(j) as a sum of cyclic groups and so we have a homotopy 
equivalence 

r r 

M'c^^y M{Z/k{i),3) ^ \/{Sf U,(,) ef) 
1=1 1=1 
where k{i) denotes a map Sf — Sf of degree k{i). 

It is known that the homotopy groups of G/PL and G/Top vanish in odd 
dimensions and that n^^G/PL) — t- n^^G/Top) is isomorphic to x2: Z — )■ Z. 
We deduce that the homomorphism [M*, G/PL] — > [Af *, G/ Top] is isomorphic 

to H^{M') ^ H^{M'). 
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It remains to show that the inclusion M' — t- M of the 4-skeleton induces 
isomorphisms [M,G/Cat\ = [M',G/Cat]. Let 

r 

C:M*^\JS^ (2.7) 

i=l 

be the map collapsing the 3-skeleton and observe that the homomorphism 

C*: ^UiT'iiG/Cat) ^[M\G/Cat\ 

is onto because '^^{G / Cat) = 0. It follows that the induced homomorphism 

(f)*: [M',G/Cat] ^iraiG/Cat) 

vanishes since the composite C o (p: — t- VS^ must be a wedge of triv- 
ial maps or the essential map rj : and the induced homomor- 
phism (r/^)*: TTiiG/Cat) —?- 7TQ{G/Cat) factors through 715(0/ Cat) = 0. Prom 
the short exact sequence 

= ■Kj{G/Cat) [M,G/Cat] [M',G/Cat] ^ TTe{G/Cat) 
we deduce that [M,G/ Cat] — t- [M*,G/Cat] is an isomorphism. □ 

Now note that H^{M; Z/2) = H^{M; Z/2) = if and only if H'^{M) contains 
no 2-torsion. In this case the forgetful map F : S^^^^^^ — )• S'^°^{M) is a bijection 
and M admits no exotic homeomorphisms. 

Henceforth we assume that H'^{M) contains 2-torsion. We see that the PL 
normal invariants of exotic homeomorphisms lie in 

Ker{[M,G/PL] A [M,G/Top]) ^ H^{M;Z/2) . 

Using Lemma 12.121 we shall regard H^{M]Z/2) as a subset of S^^{M) = 
[M,G/PL]. 

2.13. Lemma. Let x G i7^(M; Z/2). Then there is a self-homotopy equiva- 
lence p{x) : M ~ M such that: 

(1) the PL normal invariant of p{x) is x ^ [M,G/PL], 

(2) tMip{x)*E) - tM{E) = (x - C2{E))[M]2 for all E G Bun(M). 

Before proving Lemma 12.131 let us complete the proof of Theorem 12.91 
Let h: N c::^ M be a homeomorphism. If h is not exotic then tjvf = t]\j o h* 
by Lemma 12.101 Conversely, suppose that h is exotic: the PL normal in- 
variant of /i is a non-zero element x G -ff^(Af;Z/2). By Lemma 12.131 ([T]), we 
have [h] = [p{x)] G S^^{M) and so by definition there is a PL homeomor- 
phism d: N — )• Af such that h ~ p{x) o d. It follows for all E G Bun(M) 
that 

tN{h*E) = tN(d*pix)*E) = tM{p{x)*E) = tM{E) + (x - C2{E))[M]2 . 

Here we used Lemma [2.10l for the second equality and Lemma [2.1 31 (j2|) for third 
equality. Finally, note that p{x) has a trivial topological normal invariant and 
so is homotopic to an exotic self-homeomorphism h: M = M. This completes 
the proof of Theorem 12.91 □ 



In fact co(j) is nuU-homotopic since M is a manifold and the homotopy class of cotj) detects 
the exotic class of a 2-connected 7-dimensionaI Poincare complex. 
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Proof of Lemma \2.13[ We begin with the definition of p{x) and the proof of 
part ([T]). Recall that M* := M — int(L''^) and that M* is homotopy equivalent 
to the Moore space M{H, 3) where H = H^{M) = ©[=iCfc(r) is a sum of cyclic 
groups. We assume that k{r) is even if and only if i G {1, . . . , s}. 

The self-equivalences p{x) : M — t- M we construct will be pinch maps. Pinch 
maps are described in [23^ §4] for manifolds with boundary but to begin we 
shall consider the closed case. Take an element "0 £ 7ri{M*) and define to 
be the composition 

p{^p) := (Idy ip)op: M — > M V S'^ — > M 

where p: M ^ M y S'^ collapses the boundary of a 7-disc C M to a point 
and we identify M = MjD^ . 

To build pinch maps p(V') we shall need some knowledge of 7r7(M*): recall 
that C: M* ^ V[=i collapses the 3-skeleton and that 7r7(5f) ^ Z © Z/12. 
Observe also that M* = S{M{H, 2)) is the suspension of the degree two Moore 
space. 

2.14. Lemma. For i = 1,... ,s there are homotopy classes ipi £ ttq{M(H,2)) 
such that the suspensions ipi: = S{ipi) £ ttt^M') satisfy 

a(V'i) = (0, 6) G Z X Z/12Z ^ miSf) C nrfy Sf 

Proof. The stabilisation homomorphism S : ■nQ{M{H, 2) — )■ ttt{M*) fits into the 
following commutative diagram of exact sequences H. 

vrefV sA^tx^{M{H,2))^'kAm[H,2), V 5^) Avrsfv St 



Let X4^j generate the homotopy group TT4{Sf Ufc(j) e|,53) ^ Z, and let ^ 
generate 7r7{D'^,S^) ^ 7re{S^) = Z/12. On classes of the form X^^i o the 
boundary map d is given by multiplication by k{i). An analogous statement 
holds for X^^i, a generator of 7^3{Sf Ufc(j) e^ , Sf) = Z and compositions X^^i o (p 
for <P a generator of 7Tq{D^,S^) = n^ls^) = Z/2. It is well known that the 
stabilisation map S: vr5(5'^) — )• 7r6(5'^) maps <P to 6^'. It follows for i < s, 
that the classes X^^i o ^ and X/^^i o (6^') are in the image of the maps and 
that S{X3^i 0^) = Xi^i o (6^'). We choose Lpi G 'Kq{M{H, 2)) such that 



j*(v?i) = Xs^j o ^ 



and define 



V-i := S{^i) G 7rr(M*) (2.^ 
so that in particular j^ii^i) = X^^i o (G^*). 



"^The lower exact sequence was comprehensively studied for r = 1 in 
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To see that the homotopy classes tpi have the stated property, we pass to 
stable homotopy groups: denoted vrf with stabilisation : vr* — )• vrf. By 
excision we have an isomorphism 

^ i=i ^ \=\ ^ 

and since Xa^^i stabilises to generate 7Tf{Sf Ufc(j) ^f^^f) — 21 we quickly de- 
duce that C^:S{ipi) is the element of order two in TTj{Sf). The stabilisation 
map 7re(S'^) — )■ Trf is isomorphic to the inclusion Z/12 — )■ Z/24 and this com- 
pletes the proof. □ 

2.15. Definition. Using the homotopy equivalence M* ~ \/^^^ M(Z/A;(z), 3) 
define generators {xi, . . . ,Xs} of H^{M;7j/2) where each Xj is the pullback of 
the generator of H^{M{Z/k{i));Z/2) = Z/2. Given x E H^{M;Z/2) write 
X = ^f^iGiXi where = or 1 and define 

p{x) := pi^i^^eiiJi) 

with ipi E 7r7(M*) defined as in (p:8|) . 

To complete the proof of part ([T|) of Lemma 12.131 it remains to show 
that r]^^{p{x)) = X G H^{M;Z/2) C [M,G/PL\. We shall apply the methods 
and results of [23J which require us to consider tangential surgery theory. We 
shall not give the details here but rather refer to }23| §2]. Another feature of [23] 
is that they work with manifolds with boundary but this is fine in our setting: 
there are obvious maps SC'^\M) S^^^M') which in our case are bijections. 
We shall also write '■ M* — )• M* for the corresponding pinch map on M*. 

Choose a bundle isomorphism h{^i): vm* — t^M' covering p(V'i) such that 
the pair {p{'ipi),b{'tpi)) defines an element in the tangential structure set of M, 
5*-^'**'*(M). The tangential normal invariant set is in bijective correspondence 
with [M, G] and the obvious forgetful map fits into the following commutative 
square (see [23l (2.4)]). 

5^'^*'*(M*) — ^ S^^^M') 

^Cat,t YjCat 

[M\G] > [M\G/Cat] 

Moreover, for Cat = PL we have that [M*, G] — )■ [M*, G/PL] is isomorphic to 
the boundary map I32A - i?^(M;Z/24) H'^{M;Z) in the cohomology Bock- 

X 24 

stein sequence for Z A Z ^ Z/24. It is a simple matter to check that these 
facts and the following lemma complete the proof of part ([1]) of Lemma 12.131 

2.16. Lemma. The tangential normal invariant of {p{'ilji),b{ipi)) is independent 
of b^ipi) and given by the equation 

if^^\p{^i),b{^,)) = i{xi) E H^{M-Z/2A) ^ [M\G] 

where xi is as in DefintionlKM and l: H^{M; Z/2) H^{M; Z/24:) is induced 
by the inclusion of coefficients Z/2 ^ Z/24. 
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Proof. The tangential normal invariant of (p, b) := {p{ipi),b{'ipi)) is computed as 
follows: first use the Pontrjagin-Thom isomorphism to obtain an element in the 
stable homotopy group of the pair {T{i'm'),T{i^m'\*)) where T(^) denotes the 
Thorn space of a vector bundle which we assume has rank fe > 8 and * G dM' 
is a base-point in the boundary of M'. We write: 

PT{p,b) G TT7+k{T{j^M'),T{uM'\*)) . 

Next one applies Spanier- Whitehead duality 

D: TT7+kiTij^M'),TiiyM'\*)) [M,G] 

and defines 7]^''^'\p,b) := D{PT{p,b)). 

Now M* = T,M{H, 2) is a suspension and so T{um-)/T{um-\*) ^ S'^M* (see 
the remark at the bottom of |23t p. 469]). Moreover, the pinch map piipi) is 
defined using a suspension ipi = S{ipi), tpi £ itq{M{H,2)). It follows by [23| 
Theorem 4.7 and Lemma 4.8] that 

7?^^'*(p(V'i),6(V'i)) = I)(5(V.)) 

where S{^l^i) G ttj{M') is the stabilisation of ipi. But by the proof of Lemma [2.14l 
we know that C^:S{'4!i) G t^y {\/l=i{Sf)) is precisely the element of order two in 
the summand TTjiSf) = Z/24. Applying Spanier- Whitehead duality to this 
statement completes the proof. □ 

We now prove part (2) of Lemma 12.161 If x = then p{x) ~ Id and the 
statement is obvious. Assume then that x 7^ G i?^(M;Z/2). By choosing 
an appropriate set of generators for H^{M) we may assume that x = xi in the 
notation of Definition [2J5l Let /: M BS'^ classify E G Bun(M). As p{xi) 
is the pinch map on ^1 G 'K'j{M*) the induced map p(xi)* of Bun(M) is given 
by 

p{xiyE = E^FE (2.9) 
where Fe G Bun(S''^) is classified by the composition 

f\M'0^i: ^ ^ BS"" . 

But BS^ is 3-connected and so /|a/« factors through the collapse map C of 
(I22D: 

r 

f\M' = fo C: M' Sf ^ BS' . 

By definition ipi: S'^ ^ M* is such that a(^i) = (0,6) G TTjiSf) ^ Ze Z12. 
Recall that H — )• IIP°° is the tautological bundle and so Fe = (/|m* ° i^i)*H 
is determined by C2{E) as follows: 

( 6 G ^j{BS^) ^ Z/12Z , if C2{E)[Sf] is odd , 
Fe = { (2.10) 
[ G -K-jiBS^) ^ Z/12Z , if C2{E)[Sf\ is even . 

Applying Theorem [23] ([1]) and Proposition [L5] © to ([TO]) and ([2T0|) above we 
see that 

tM{p{xiTE) - tM{E) = tsriFE) = (xi - C2(^))[Af]2 G Z/2 C Q/Z . □ 
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2.C. Remarks on simply-connected 7-manifolds. In this subsection we 
make some remarks about the role of the t-invariant in the classification of 
simply connected spin 7-manifolds. 

2.17. Remark. The invariant Im is related to the Kreck-Stolz invariants S2 and S3 
of [21]. To begin let M be a closed spin (4A;— l)-manifold as in ll.4l and let L — )• M 
be a Hermitian line bundle with ci(L) = a G H'^{M). In analogy with (jl.3p . 
we define a characteristic class ch' of complex line bundles such that 

ch(L) = 1 + ci(L) + ci{Lf ch'(L) . 

Assume that L extends to L — t- W , where W is a, compact spin manifold 
with M = dW. The class ci{Lf € H^{W) lifts uniquely to w G H^{W,M;Q), 
so we can define 

SM{a) := {A{TW) d^(L)v)[W,M] G Q/Z 

independent of the choices of W and L. If /c = 2 so that M is 7-dimensional and 
H'^{M) = Z with generator z, then Kreck and Stolz considered S2{M) := sm{z) 
and S3(M) := sm(2z). 

A Hermitian metric on L identifies the dual bundle L* with the complex 
conjugate of L, and this identification is parallel with respect to compatible 
Hermitian connections. Thus the bundle 

E:=L®L* 

carries a natural quaternionic structure with C2{E) = — ci(L)^. In particular, 
we have 

ch(^) = ch(L) + ch(L*) and ch'(S) = ch'(L) + ch'(L*) 
and V = —C2{E). Thus a^+itMiE) = 2s Mia), or equivalently 

tM{E) = ak SM{a) . 

Hence the t-invariant generalises the s-invariant if k is even. In particular 
for k = 2, tM generalises S2 and S3. There is an analogous argument comparing 
the intrinsic definitions of sm and Im- 

We may now unify the classification results of [21] and [8J. Let and M 
be closed smooth simply-connected spin 7-manifolds and assume that vr2(A) = 
TT2{M) is either trivial or infinite cyclic. In the latter case assume that H^{N) = 
H'^{M) are finite cyclic groups generated by the square of a generator of 
and extend the definition of the t-invariant to the t-invariant which is the pair 

where Am ■ H'^{M) = Bun5i(M) Bun(M) maps L to L ® L* and tM is the 
t-invariant. 

2.18. Theorem. Let N and M be simply connected spin 7-manifolds as above. 
Then N is diffeomorphic to M if and only ift^ is isomorphic to Im cind /u(A') = 
/x(M). 
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2.19. Remark. Expanding on \20\ Theorem 6], Hepworth \19\ Thereom 2.2.9] 
gave a classification theorem for simply connected compact spin 7-manifolds 
with H^{M) = 0, such that H'^(M) is torsion and generated by pm = ^(TM) 
and cup products of elements of H'^{M). 

The group H'^{M) is necessarily free, so there exists a Z-basis (xi, . . . ,Xr)- 
Apart from the Eells-Kuiper invariant, and the triple Massey products. Hep- 
worth defines five more families of invariants, cij, <Tjj, Tj, r^j, and Tij^k for i, j, 
A; G {1, . . . , r}, based on the existence of a closed spin manifold W with dW = 
M such that the inclusion M ^ W induces an isomorphism H'^{W) = H'^{M). 
Together, these invariants give a complete set of diffeomorphism invariants. 
The a- and r-invariants can be expressed in terms of the function sm of Re- 
mark l2.l71 and some Massey products. As above, we may use tM{L®L*) instead 
of sm{L). Note that Hepworth also uses the linking form, but the linking form 
can be recovered from the t-invariant just as in Theorem 12.41 

If we now drop the assumption that H^{M) is generated by pM and products 
of elements of H'^{M), then as in the highly connected case, the invariant tjvf 
contains potentially more information than sm because one can define tM{E) 
even if C2{E) is not in the span of H'^{M) ^ H'^{M). It therefore seems 
reasonable to hope that simply connected spin 7-manifolds M with H'^{M) = 
and H'^iM) finite can be classified via their Eells-Kuiper invariants, their 
Massey product structure, and their t-invariants. 



3. Bundles over HP^ 

In this section we investigate the map C2 : Bun(IHP'') ^ H^{UP^) usmg 
the i-invariant. Determining the image of C2 is a difficult problem already 
investigated in [HI [16] and elsewhere. One calls an integer c k-realisable if 
there is a bundle E G Bun(IHP'') such that 

C2{E)=C-C2{H) 

where we recall that H is the tautological bundle over MP^. Below we use the 
t-invariant to give a new proof of the necessary criteria of [14] for fc-realisability. 

Consider the Hopf fibration pk : 5"^^"^ UP''-^ and let pk'. Wk ^ MP^'^ 
denote the corresponding D^-bundle with boundary S^^~^. Then 

MP^ = Wk Us4k-i D^^ . 

One may therefore consider the problem of building bundles over UP^ induc- 
tively: assume that Ek-i is a quaternionic line bundle on BIP^'~^, then the 
puUback p^Ek-i on W extends to Ek — )• MP^ iff its restriction |?^£'fc_i| 54^-1 = 
p*^Ek-.i to the boundary is trivial. If p\E is trivial then the group vr4fc_i(5^) 
acts transitively on the set of possible extensions of E to HP^. The situation 
is summarised in the following commutative diagram. 
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vlEk-1 



Ek- 



PlEk-i 



Wk 



Ak-l 



MP' 



k-l 



Pk 



s- 



MP'' 



D 



Ak 



Determining whether p^^Ek-i is trivial is a difficult problem in general. How- 
ever Theorem 13.11 below determines the t-invariant of such pull-backs in terms 
of C2{Ek_i). For ease of computations with signs we first define a := —C2{H) to 
be the other generator of H'^(mP°°) ^ Z and for ah j we identify ii"^(MP-') = 
H^{MP°°) in the obvious way. 



3.1. Theorem. // k 

on 



> 2 and there exists a quaternionic line bundle E^. 
= -c-a in H'^iMP''-^) ^ Za, then 

k-1 



ak 
{2k)\ 



Hi 

j=0 



J 



G 



We defer the proof Theorem 13.11 to the end of the section. 
3.2. Corollary (|14j Theorem 1.1). If an integer c is k-realisable then 
i-i 

JJ(c - i^) = G Q/Z for aU2<j<k. 



i=0 



= c • C2(t) = — c • a. Then 
£'^|^4j-i is trivial and in 

□ 



Proof Let G Bun(MP'') be a bundle with C2{E, 
for ah 2 < j < k, the bundle Ei := p*{Ec\Mpj-'^) 
particular tg4,j-i{Ei) = 0. Now apply Theorem 13.11 

3.3. Remark. Feder and Gitler proved the that the conditions of Corollary 
are necessary using different methods in [14]. They also gave a proof that the 
conditions are sufficient if = oo 0, where they are satisfied iff c is an odd 
square or zero. Feder and Gitler strongly suggested that their conditions are 
also sufficient for finite k, but so far, this has been proved only for A; = 2, 3, 
4, 5 (see [16^ §2] for more details on this issue). Moreover, the bundle E^ is 
not unique in general, however Gongalves and Spreafico Theorem 3] proved 
that the number of non-isomorphic bundles with the same second Chern class 
is finite and depends only on k and the parity of c. 

3.4. Remark. Theorem 13.11 and Theorem 11.121 shed some light on the Feder- 
Gitler conditions: as we saw above, the a priori obstruction to extending a 
bundle Ec MP^-^ to MP^ is the bundle p*Ec G Bun{S^^~^) ^ TT^j_2{S^)- 



^In [14] Feder and Gitler quote Sullivan who credits this statement to unpublished work of 
I. Bernstein, R. Stong, L. Smith and G. Cooke. 
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We see that the claim that the Feder-Gitler conditions are sufficient for c to be 
/c-reahsable is equivalent to the following claim: For each 2 < j < k such that c 
is {j — l)-realisable, the set 

tsh-iiO) n p*{c^\c- C2iH))) cBuniS^^-') 

contains the trivial bundle S'^^~^ x H. By Theorem 13.11 Remark 11.141 and 
Corollary 11.131 this is true if A: = 2 or 3 but becomes surprising if A; > 3. 
By Proposition 11.51 the t-invariant measures only minus the e-invariant of 
the stabilisation S{pjEc) S ^^"^ ^'^^ k > 3 the stabilisation homomor- 

phism S: Tr4k-2{S^) — ^ ^^'^ e-invariant e: vr£fc_5 — Q/Z both typi- 

cally have non-trivial kernels. 

We next discuss Theorem 13. II for k = 2,3 and 4. 

3.5. Example. For k = 2, we recover a special case of Proposition 12.61 In 
particular, there exist quaternionic line bundles Ec on MP^ = S'^ with C2{Ec) = 
— c- a for all c G Z, and we have 

tsr{plE,) = '^^ e 

This confirms Theorem 12.41 (1) and Remark 11.141 stating that tgr is injective. 

3.6. Example. A bundle P2-^c on S''^ is trivial iff c(c — 1) = mod 24. This is 
the case iff 

c = 0, 1 mod 8 and c = 0, 1 mod 3 . 
Because 7ri{S'^) = Z2, there exist at most two extensions of E^ to HP^ up to 
isomorphism. We pick one for each c and still denote it by Ec. 
By Theorem 13. 11 

b \i^3 cj .^20 24 15 15 ' 

because the first factor is always an integer. Because Ec exists on HP^ for c = 33 
and ^ 

we conclude from Proposition 11.51 ([2]) that the t-invariant again gives an iso- 
morphism 

^511 : Bun(5") ^ 7Tio{S^) — > Z/15Z . 
This confirms Corollary 11.131 stating that tgn is injective. 

3.7. Example. A bundle p'^Ec exists and is trivial on S^^ iff 

c = 0, 1 mod 8 , c = 0, 1,4, 7 mod 9 , and c = 0,1,4 mod 5 . 

In this case, it extends to MP^. Note that because 7rii(5^) = Z/2Z and be- 
cause there were possibly two non-isomorphic bundles Ec on HP^ to start with, 
there can be up to four quaternionic line bundles on MP^ with second Chern 
class -c • a G H^{mP'^). We pick one and again denote it by Ec. 
By Theorem l3.lt 

. . _ . c(c-l)(c-A)(c-9) 1 _ , _ 
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because the numerator is always divisible by 2^ • 3^ • 5 for all c £ Z that can 
occur. For c = 40, we have 

tsi5 {pIE^o) = — , 

which generates -^Z / Z. 

Now by [251 (7.14), Theorem 13.9, (13.6)'] the stabilisation homomor- 
phism S: 7ri4(S'^) — t- vrf^ is isomorphic to the homomorphism 

{x36,0,0) 

Z/84 © Z/2 © Z/2 > Z/504 , 

and by [T] the e-invariant e: vrf^ Q/Z is injective. Moreover, by Remark 13.31 
the condition c(c — l)(c — 4)(c — 9) = mod ^ is sufhcient for the existence 
of a bundle Ec on HP^, hence for the existence of a bundle p^^Ec on 5^^ that 
is trivial. Thus the 3-torsion component in Bun(5^^) cannot be generated by 
bundles of the type p^Ec- 

Proof of Theorem \3.1\ We compute tgik-i using the zero bordism Wk as in 
Definition l\1.6\\ . Using the homotopy equivalence pk '■ Wk — ?• HP*^ to iden- 
tify H^{Wk) = H^{UP^-^) and the Thom isomorphism, we know that the 
generator a G H^{Wk) lifts to a generator oi H^{Wk, S^^'^) ^ aZ[a]/a'=+iZ[a], 
In particular 

C2{Ec) ch'(Ec) = 2-2 cosh(Vm) G H'{Wk, 5^^=-^ Q) ^ aQ[a]/ a^+^Q[a] . 

We write for H regarded as a real vector bundle. For the total Pontrjagin 
class of we obtain 

p{H^) = p{Hf = (1 + af . 

Now let Ende(i^) denote the real 4-plane bundle of quaternionic bundles maps 
from H to itself. The Pontrjagin classes and Euler class of EndH(-ff) are given 

by 

pi(EndH(i^)) = 4a and e(EndH(i^)) = p2{EndM{H)) = . 
The tangent bundle of MP^ satisfies the relation 

TMP^ © EndH(i^) = . 

In particular, we have 

1(THP'=) = A{H)''-^^ — l(EndH(i^))"^ 

( Y'^' ( ^ 

\sinh(-y/a/2)y ysinh-^/a 

= ( cosh(V^/2) 
Vsinh(V^/2)y ' ' 

G H'{nP''; Q) ^ <Q[a]/a!'^^Q[a] , 
and we know that A{Wk) = A{TnP^)\w^. 
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Let 7 be a sufficiently small contour around in C, then 7^ goes around 
twice. Note that Uk+i = 2 for all k. Prom the formula for A{T'E.P'') above, 
we compute 

ts4k-, {pIE,) = — {A{TWk) C2{plE,) ch'iplE,)) [Wk, S^'^'^] 

Ofc f cosh(A/a/2) [cosh.{^/ac) — l) , 
^2^iJ^ 22fe+i ^ sinh( VS/2)2fe+i « 

Ojfc f cosh(y^/2) (cosh(-^/ac) — l) , 
" 2^1 J ^2 22fe+2 ^ sinh(VS/2)2fe+i 

afe /■ cosh(2-y/c • arsinh f ) — 1 



27ri ./^ z2fe+i 



In the last step, we have substituted z for 2 sinh(-^/a/2). Note that the contour 
for z closes only after a has completed two cycles around the origin. 

It is well known that there exist even polynomials P„ of degree at most 2n 
such that 

n 

cosh(2na;) = P„(sinha;) = ^Pn,fc sinh^'^x , 

k=o 

and Pn,n = 22"~^. On the other hand, 

cosh(2y • arsinh f ) — 1 



z 



2fc+l 



dz 



7 

is an even polynomial of degree at most Ik in y such that ikip) = Pn,k- 
Because Pn^^ = if n < A;, we conclude that vanishes at n = 1 — fc, . . . , A: — 1, 
and that ik{k) = 2~'^^pk^k = \- Since ik is even, this leads to the equations 

^ fc— 1 ^ 2 ■2\ k—1 

The proposition follows because tsik-i{pl.Ec) = aktk{y/c) mod Z. □ 

References 

[1] J. F. Adams, On the groups J{X). IV, Topology 5 (1966), 21-71 

[2] D. W. Anderson, E. H. Brown and F. P Peterson, The structure of the spin cobordism 
ring, Ann. of Math. 86 (1967), 271-298 

[3] M. F. Atiyah, F. Hirzebruch, Riemann-Roch theorems for differentiable manifolds. 
Bull. Amer. Math. Soc. 65 (1959), 276-281 

[4] M. F. Atiyah, V. K. Patodi, I. M. Singer, Spectral asymmetry and Riemannian geome- 
try. I, Math. Proc. Cambridge Philos. Soc. 77 (1975), 43-69; II Math. Proc. Cambridge 
Philos. Soc. 78 (1975), 405-432; III Math. Proc. Cambridge Philos. Soc. 79 (1976), 
71-99 

[5] M. F. Atiyah and I. M. Singer, The index of elliptic operators on compact manifolds. 

Bull. Amer. Math. Soc. 69 (1963), 422-433 
[6] J. M. Bismut, W. Zhang, An extension of a theorem by Chccgcr and Miiller, with an 

appendix by Frangois Laudenbach, Asterisque No. 205 (1992), 235 pp. 
[7] , Real embeddings and eta invariants. Math. Ann. 295 (1993), 661-684 



QUATERNIONIC LINE BUNDLES 



33 



[8] D. Crowley, The classification of highly connected manifolds in dimensions 7 and 15, 
preprint, arXiv: math/0203253 

[9] D. Crowley, C. Escher, Classification of 5^-bundles over 5*, Diff. Geom. Appl. 18 
(2003), 363-380, arXiv: math. AT/0004147 

[10] O. Dearricott, A 7-manifold with positive curvature, to appear in Duke Math. J. 

[11] F. Deloup, G. Massuyeau, Quadratic functions and complex spin structures on three- 
manifolds. Topology 44 (2005), no. 3, 509555 

[12] H. Donnelly, Spectral geometry and invariants from differential topology. Bull. London 
Math. Soc. 7 (1975), 147-150 

[13] J. Eells, N. Kuiper, An invariant for certain smooth manifolds, Annali di Math. 60 
(1962), 93-110 

[14] S. Feder, S. Gitler, Mappings of quaternionic projective spaces, Bol. Soc. Mat. Mexi- 

cana (2) 18 (1973), 33-37 
[15] S. Goette, Adiabatic limits of Scifcrt fibrations, Dedekind sums, and the diffeomor- 

phism type of certain 7-manifolds (in preparation) 
[16] D. L. Gongalves, M. Spreafico, Quaternionic Line Bundles over Quaternionic Projective 

Spaces, Math. J. Okayama Univ. 48 (2006), 87-101 
[17] K. Grove, L. Verdiani, W. Ziller, A Positively Curved Manifold Homeomorphic to TiS^, 

preprint, 2008; arXiv : 0809 . 2304 
[18] K. Grove, B. Wilking, W. Ziller, Positively Curved Cohomogeneity One Manifolds and 

3-Sasakian Geometry, J. Diff. Geo. 78 (2008), 33-111; arXiv: math/051 1464 
[19] R. Hepworth, Generalized Krcck-Stolz invariants and the topology of certain 3- 

Sasakian 7-manifolds, thesis, university of Edinburgh, 2005 
[20] M. Kreck, Surgery and duality, Ann. of Math. 149 (1999), 707-754 
[21] M. Kreck, S. Stolz, A diffeomorphism classification of 7-dimensional homogeneous 

Einstein manifolds with SU(3) x SU(2) x U(l)-symmetry, Ann. of Math. 127 (1988), 

373-388 

[22] R. C Kirby and L. C. Siebenmann, Foundational essays on topological manifolds, 
smoothings, and triangulations, With notes by John Milnor and Michael Atiyah. Ann. 
of Math. Stud. No. 88. Princeton University Press, Princeton, N.J.; University of Tokyo 

Press, Tokyo, 1977 

[23] I. Madscn, L. Taylor, B. Williams, Tangential homotopy equivalences. Comm. Math. 

Helv. 55 (1980), 445-484 
[24] S. Sasao, On homotopy type of certain complexes. Topology 3 (1965), 97-102 
[25] H. Toda, Composition methods in homotopy groups of spheres, Princeton University 

Press, 1962 

[26] C. T. C. Wall, Surgery on compact manifolds. Second edition. Edited and with a 
foreword by A. A. Ranicki. Mathematical Surveys and Monographs, 69. American 
Mathematical Society, Providence RI, 1999 

[27] D. Wilkens, Closed (s — l)-connected (2s -|- l)-manifolds, s = 3, 7, Bull. London Math. 
Soc. 4 (1972), 27-31 

Hausdorff Research Institute for Mathematics, Universitat Bonn, Poppels- 
DORFER Allee 82, D-53115 Bonn, Germany 
E-mail address: cliarmuid.c23Qgmail.com 

Mathematisches Institut, Universitat Freiburg, Eckerstr. 1, 79104 Freiburg, 

Germany 

E-mail address: Sebastian. goetteSmath.imi-freiburg.de 



